Using video microscopy, we investigated melting of a two-dimensional colloidal system, formed by glycerol droplets at the free surface of a nematic liquid crystalline layer. Analyzing different structure correlation functions, we conclude that melting occurs through an intermediate hexatic phase, as predicted by the KosterlitzThouless-Halperin-Nelson-Young(KTHNY) theory. However, the temperature range of the intermediate phase is rather narrow, 1 • C, and the characteristic critical power law decays of the correlation functions are not fully developed. We conclude that the melting of our 2D systems qualitatively occurs according to KTHNY, although quantitative details of the transition scenario may partly depend on the details of interparticle interaction.
Introduction
Two-dimensional (2D) ordering and the formation of periodic 2D crystal-like structure, although less familiar than 3D crystallization, is still widespread enough and can even be observed in the cup of morning coffee as Bénard convection cells [1] . In recent decades, 2D systems and their order-disorder transition has received considerable attention in computational and experimental physics. Laboratory 2D systems are usually formed by colloidal particles that are large enough to be individually observable by optical means, so that the structure and even individual particle trajectories can be monitored by optical microscopy, thus making the complete structural and dynamical data readily experimentally accessible [2] . For instance, charged dust particles in "dusty plasma" readily form the so-called Wiegner or Coulomb crystal, whose melting transition can be experimentally investigated by optical means [3] .
2D lattices are in many respects similar to and considered as convenient models for 3D systems, although it has been recognized that the analogy is only partial and that, in certain respects, 2D order has characteristics that are unique to its dimensionality [4] . In particular, it has been shown that 1D and 2D crystalline lattices would be thermally unstable, and thus spontaneous crystalline order should not exist in one or two dimensions [5, 6] , which is sometimes quoted as PeierlsMermin theorem [4] . A more familiar consequence of this property is the absence of true long-range positional order in the two-dimensional crystal, so that its positional correlation function decays algebraically to zero with distance, in contrast to the 3D case where a finite value is attained. This led Kosterlitz and Thouless to suggest [7] that the nature of the melting transition in 2D is different from 3D and to formulate a theory of melting as a continuous transition mediated by the dissociation of dislocation pairs. The problem of 2D melting was subsequently worked out in greater detail by Halperin, Nelson, and Young [8, 9] , with the resulting microscopic theory now commonly referred to as Kosterlitz-Thouless-Halperin-Nelson-Young (KTHNY) theory. It has to be noted that no comparable microscopic theory exists in 3D, which again sets the 2D case apart. Qualitatively, KTHNY predicts a two-stage 2D melting that occurs from the hexagonal (equilateral triangular) through an intermediate "hexatic"phase, in which the positional and bond-orientational correlation functions exhibit characteristic algebraic decays, and only via a second transition does the system become an ordinary fluid where all correlation functions decay exponentially. Since the formulation of KTHNY theory, the 2D melting transition has been a matter of continuous debate. Several computer simulations and experiments have been performed (for a review, see [10] [11] [12] ), although the results were not always consistent. Overall, it has to be noted that KTHNY only describes how a 2D crystal could melt, so that other scenarios cannot be excluded. For instance, it appears that the KTHNY transitions can be preempted by other processes leading to a single first order transition as in 3D [13] . On the other hand, experiments on paramagnetic colloidal particles, whose dipolar interaction could be conveniently controlled by magnetic field, concluded a perfect quantitative agreement with the two-stage KTHNY scenario [14, 15] . Similar conclusion followed from a recent work on charged millimeter-sized steel balls [20] . Yet another experimental work on uncharged polymer microspheres [16] , while confirming the existence of hexatic phase, concluded that the liquid-to-hexatic and hexatic-to-solid transitions are strongly first order transitions. A work on charged colloids [17] , while confirming the existence of an intermediate phase, concluded that this phase was different from the KTHNY expectations. Several works on dusty plasmas (e. g., [3, 18, 19] ) appear to point towards a grain-boundary-induced rather than KTHNY melting scenario. Overall, it appears that the KTHNY scenario may not be truly universal but rather depends on the specific properties of the systems, predominantly related to the details of interparticle interaction, so that further investigation of systems with different interactions is highly motivated. Recently, there has been discovered a new class of self-ordering 2D colloidal systems, formed by colloidal particles (droplets) at the free surface of a nematic liquid crystal (NLC) [21] [22] [23] . These colloids, which interact via liquid crystal mediated elastic forces, readily form hexagonal crystals that exhibit melting transition at temperatures in the range T melting = 26÷28
• C, which are relatively far from the temperature of the nematic-isotropic liquid transition, T NI =36
• C. Such a colloidal system allows for observation of the 2D melting phenomena over the large area with a constant colloidal fraction, size of colloids, and interaction between the particles, as the main effect of the temperature on the system occurs only through the magnitude of thermal fluctuations of the colloidal particles. In the present contribution, we perform an analysis of the melting transition in these systems in an attempt to test the applicability of KTHNY and its predictions to this novel class of 2D lattices.
Experiment
In our experiments we have used hexagonal array of glycerol droplets trapped at the NLCair interface and stabilized by the long range elastic-capillary interactions [21, 23] . A cleaned glass plate of 2 × 2 cm size was covered with the polymer (Elvamide 8061) film and rubbed to ensure good planar alignment of NLC 5CB (4-n-pentyl-4-cyanobiphenyl, Merck). A layer of 5CB (clearing temperature T NI =36
• C) of 40÷60 µm thickness was deposited directly onto the substrate and allowed to equilibrate for 10 minutes. Then the substrate with 5CB film was held upside down above a petri dish filled with glycerol. The petri dish was heated up to 120
• C to facilitate transfer of glycerol onto the NLC layer. During this process, the glycerol evaporates from the petri dish and condenses on the NLC layer forming almost uniform size droplets (see figure 1 (a) ). By adjusting deposition time and distance between the glycerol surface and substrate, the amount of condensed glycerol can be altered and therefore the number and size of the glycerol droplets can be effectively controlled. The procedure generally yields 2D crystalline hexagonal lattice. After the deposition, the substrate with NLC film was placed onto a microscope hot stage (MK1, Instec Inc.) for observation and temperature control. Figure 1 (b) shows an optical microscopy image of such hexagonal structure at the free surface of the NLC layer. From the optical images (blurred by diffraction) of the droplets we estimated their size to be 2R 1.0±0.2 µm, and the lattice constant a 1.9 ± 0.1 µm. This estimation is further justified by an observation that the glycerol droplets exhibit Brownian motion with considerable magnitude, suggesting that their surface-to-surface separation is ≈ 0.5a, so that the structure is not densely packed [23] . Digital images of the 2D structures, taken at different temperatures, were first analyzed in terms of the particle positions (coordinates) by using custom-written MatLab programs according to computerized videomicroscopy algorithms [24] . From the so-obtained data of (x, y) coordinates of the particles' centers, we then computed various structural correlation functions, discussed below. In order to find the structural "bonds" between the nearest neighbors, we performed Delaunay triangulation procedure on the sets of particle positions, obtained from recorded video-frames. The resulting structural data in terms of bond positions, lengths, and orientations, were used for visualization of structural changes during melting (see figure 2), and for further statistical analyses, such as determination of the number of nearest neighbours of each particle, and computing bondorientational correlation functions.
Results and discussion
Our 2D hexagonal crystals, figure 1, exhibit "softening" and melting well below the nematicto-isotropic transition of 5CB ( 36
• C in our case). In order to visualize the structural changes upon softening and melting, we show in figure 2 snapshots of the structure at four representative temperatures, presented as wire frames of interparticle bonds. From visual inspection of figure 2, the close to perfect hexagonal structure observed at 26
• C is almost completely lost by 27.5
• C, although the structural changes are obviously gradual, i. e. the
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loss of crystalline order occurs through continuous increase of the number of defects, as seen at 27
• C and 27.5
• C, rather than through an abrupt transition at any particular temperature. Thus, melting of our colloidal system is a continuous rather than first-order transition, and therefore it qualitatively corresponds to the KTHNY scenario.
From the particular examples of figure 2 it may appear that the creation of structural defects with increasing the temperature is not uniform, but rather occurs through diffusion of the defects from the outer parts of the structure towards the center, so that the structural disordering and concomitant melting are rather grain-boundary-induced, similarly to the results of, e. g., [3, 18, 19] . This would mean a grain-boundary-induced transition [13] , which is different from the KTHNY scenario. As far as we cannot exclude the occurrence of grain-boundary-induced melting in some of our colloidal structures, we note that in most cases the structural changes were rather uniform, qualitatively in accord with KTHNY.
We now proceed to quantitative analysis of the structural changes upon softening and melting, and compute the radial distribution function g(|r|) of the particles according to
where N is the number of particles and . . . denotes ensemble average over a series of structures, photographed at the same temperature. Figure 3 shows g(r) at several selected temperatures. The peaks at 27.5
• C are smeared out in comparison with 26
• C -in particular, the characteristic splitting of the second peak that corresponds to the second ( √ 3a) and third (2a) neighbor distances in the second coordination shell is no longer recognizable. The disappearance of the splitting is obviously associated with crystal melting, although it is not possible to use it as a quantitative indicator, since the peak broadening occurs not only because of structural changes but also due to increased fluctuations of particle positions at higher temperatures. The first peak, whose area gives the coordination number, appears to somewhat decrease in magnitude, which can be attributed to the growing number of structural defects with increasing temperature. At large distances, the peaks broaden, merge with one another, and become lost in the continuum background g(r) → 1. Overall, it does not appear possible to conclude on the details of structural changes from the pair correlation function. Indeed, it is well known that the pair correlation function cannot sensitively reveal the presence or absence of long-range order, the liquid g(r) being virtually indistinguishable from the one of a "hot solid", whose atoms are displaced from the equilibrium lattice sites due to thermal motion [4] . Next, we analyze the structure factor S(q)
where N is the number of particles and r j , r k their position vectors. For a perfect 3D crystal with its infinite Bragg planes, S(q) consists simply of an array of delta functions at the points of the reciprocal lattice q = G, superimposed on a background that is related to the thermal fluctuations of the atoms about their equilibrium positions and that is expressed through the Debye-Waller factor. These Bragg peaks remain infinitely sharp at any temperature, as long as the crystal has not melted, since the atoms occupy, on average, equilibrium lattice sites (long range order). In 2D, as mentioned, the long range order is not expected to occur, and thus the infinite "Bragg lines" do not exist, so that the peaks in S(q) are progressively smeared out with increasing q. Figure 4 shows S(q) for a set of about 700 particles. The "diffraction peaks", seen in figure 4 (a), are indeed rather broad and have low intensity, only about a few percent compared to the central peak. Furthermore, the peaks at q 5µm
beyond the first Brillouin zone are only barely distinguishable, as really expected in the case of only a relatively short translational order. It is also seen that the lattice is not exactly hexagonal but is somewhat deformed. When the temperature of the system increases, the first-order peaks of S(q) are smeared out, and by 27.5
• C almost completely disappear, transforming into a nearly isotropic ring (see figure 4 (d) ). Higher-order peaks vanish already at 27
• C, see figure 4 (c). Such changes of S(q) indicate that our system melts at about 27
• C. It is instructive to compare characteristic changes of the 2D structure factor on melting with those in the 3D case. One of the well-known criteria of freezing of a monatomic 3D liquid asserts that the amplitude S(q 0 ) of the main peak of the liquid structure factor reaches a characteristic value of 2.85 at freezing [26] , which is known as Hansen-Verlet criterion [12] . Furthermore, the amplitude S(q 0 ) can be considered as an order parameter in a first-principles theory of freezing [27] . Meanwhile, the corresponding amplitude of the main structure factor peak in 2D reaches significantly higher values than 2.85 [27] [28] [29] . Otherwise, the general applicability of the HansenVerlet criterion in 2D is not clear, nor is the corresponding characteristic value S(q 0 ). The orderparameter theory of Ramakrishnan and Yussouff [27] suggests the critical value S(q 0 ) ≈ 7 in 2D, whereas molecular dynamics simulations rather indicate the value of 5.5. Empirical evidence seems to suggests ≈ 4 [12] .
To investigate the temperature behavior of S(q 0 ), we computed S(q), which is the angular average of the structure factor S(q), from the radial distribution functions g(r) of figure 3 through the (two-dimensional) Fourier transform [4] ,
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where ρ is the number density. Performing the angular integration in equation (3) leads to the following expression for S(q) through the Hankel transform,
where J 0 (qr) is the zero-order Bessel function of the first kind.
q (µm In figure 5 we present temperature-dependent structure factors S(q) of our systems, numerically computed from the radial distribution functions g(r) of figure 3 with the help of equation (4). It is immediately obvious from the figure that the structure factors, and thus the structure, exhibit a dramatic, almost abrupt change upon the temperature change from 27.0
• C to 27.5
• C. Firstly, the characteristic splitting of the second peak, clearly seen at T 27.0 • C, disappears above that temperature, and secondly, the amplitude of the first peak decreases almost abruptly from 7 to ≈ 3. The splitting of the second peak of S(q), analogous to the corresponding splitting in g(r) discussed above, is evidently much more sensitive to the presence of hexagonal order than the second peak of g(r). From its behavior alone one concludes that our 2D structure melts somewhere between 27.0
• C. The concomitant drop of the first peak amplitude also appears to be a sensitive indicator of melting, with the typical amplitude in the molten state of ∼ 3. The highest amplitude, detected at 27.5
• C just prior to freezing, amounts to 3.5, which is rather close to the empirical value of ≈ 4 [12] , but significantly less than the theoretical value of ∼ 7 [27] .
Next we turn to analyzing other correlation functions that are more sensitive to the structural order than the pair correlation function, and for which specific behavior is expected within the KTHNY theory. Firstly, in table 1 we summarize the expected translational and orientational order in different phases, according to the KTHNY theory.
Truly long range order is only expected for bond orientations in the crystalline phase, whereas translational correlation is then only quasi-long range, so that the corresponding correlation function g G (r) (defined later in equation equation (5)) decays algebraically with distance. In the intermediate hexatic phase, bond-orientational correlation function g 6 (r) (see later equation (6) for definition) acquires critical algebraic decay. In all cases of short range order, the corresponding correlation functions decay exponentially with distance. Specifically, in the solid phase one expects g G (r) ∝ r −η with the exponent η in the range 1/4 η(T m ) 1/3 at the "melting" temperature T m , where transition to the hexatic phase starts to occur. Up to a higher temperature T i , at which complete isotropization occurs, the system remains in the hexatic phase with g 6 (r) ∝ r −η 6 with the exponent that assumes the value of 1/4 exactly at T i , i. e. η 6 (T i ) = 1/4. Thus, one expects We first consider the translational (positional) correlation function g G (r), defined as follows [8] :
where G denotes a reciprocal lattice vector, h(r) = r − R is the displacement of the particle at r with respect to the ideal lattice site R, and the last equality follows from the fact that exp[iG · (R − R)] = 1 for any R , R. The translational correlation function g G (r) measures the decay of translational order with distance. In a 3D solid, it would decay to a finite value at large r (long range order), whereas in the 2D case we expect it to decay algebraically to zero. Figure 6 (a) shows the translational correlation function g G (r) at 26
• C, computed with the reciprocal lattice vectors, obtained from figure 4. The correlation function exhibits strong oscillation, reminiscent of the corresponding oscillation of the radial distribution function g(r) in figure 3 and reflecting the local order. We are mainly interested in the loss of correlation with distance which is reflected in the behavior of the upper envelope function, rather than fast oscillations due to the local order. We therefore extract only the peak maxima from the oscillating g G (r), computed at different temperatures, and plot those envelopes in figure 6 (b) and (c) on a semi-log and log-log scale, respectively. Surprisingly, inspecting figure 6 (b) it appears that at the lowest temperatures 26
• C and 26.5
• C, which correspond to a solid hexagonal structure, the correlation decay is close to exponential, see dashed line in figure 6 (b) , with a correlation length ξ = 9.3 µm = 5.3a. At higher temperatures the correlation length decreases sharply, although the decay, rather than becoming/remaining exponential, appears to turn algebraic, see figure 6 (c). We cautiously note that such an "anomalous" behavior, while probably being genuine for our systems, may also be an artifact due to the limited 33601-7 structure size and numerical inaccuracies. One of the possible sources of such inaccuracies is in the determination of the reciprocal lattice vector G, which enters equation (5) . Obviously, the reciprocal vector cannot be exactly defined -in fact, none exists in the true sense, due to the lack of long range order.
At distances shorter than the correlation length ξ, the decay of g G (r) at T 26.5
• C can be approximated with a power law, whose exponent η is close to 1/3 or 1/4, see the log-log plot of figure 6 (c). At 27
• C the decay is already somewhat faster than r −1/3 , whereas at T 27.5
• C, when the structure must have melted according to the preceding analysis, the decay, albeit not truly exponential, is clearly much faster than r −1/3 . Thus, it appears that the hexatic-like phase only occurs in the narrow temperature range of ≈26.5
• C to 27
• C, i. e. over a mere 1
• C or less. Now we turn the attention to the bond-orientational correlation function g 6 (r), defined as follows [10] :
where θ(r b , r b ) is the angle between the bonds at r b and r b . The bond-orientational correlation function measures the probability that two bonds a distance r apart are hexagonally oriented with respect to each other. It is expected that, although 2D lattices lack long range translational order, they do possess long range orientational order, so that g 6 (r) decays algebraically to a finite temperature-dependent level in the ordered state, whereas the decay goes over to exponential in the melt. Figure 7 shows the orientational correlation function g 6 (r) at several selected temperatures together with the guide-lines of characteristic r −1/4 power law, expected at the hexatic-isotropic transition. The correlation functions g 6 (r) in figure 7 exhibit considerable oscillations due to local order analogous to, yet smaller than the corresponding oscillations of g G (r) in figure 6 (a) . Similarly to the case of g G (r), we are only interested in the (smooth) behavior of the corresponding envelopes. Concentrating first on the lowest temperatures 26
• C, where one expects the highest long-range orientational order, the correlation indeed stays almost constant with the distance, and thus indeed reveals a long-range orientational order. The decay is neither exponential, nor algebraic, although it is clearly slower than r −1/4 . At 27
• C, the dependence is rather algebraic and closely follows r −1/4 . At 27.5
• C the decay is clearly faster than r −1/4 , whereas at 28.0 • C it is still faster and close to exponential, indicating that melting is complete.
Comparing now the results of figure 6 and figure 7, they are qualitatively consistent with the KTHNY expectations. Firstly, the translational functions in figure 6 decay faster than the corresponding orientational ones in figure 7 , at least at T 27.5
• C. It appears that the system enters the intermediate hexatic phase at a temperature around 27
• C, where the orientational function g 6 (r) exhibits a characteristic algebraic r −1/4 behavior, whereas the translational function decay is close to r −1/3 , and the translational correlation length starts to drop. At T 27.5
• C, both g 6 (r) and g G (r) decay rapidly, signaling the transition to isotropic state. Overall, it thus appears that the transition happens in a finite but narrow range around 27
• C. Investigating colloidal systems with varying droplet size, we found that the 2D melting transition and the temperature range of intermediate phase depend on the size of glycerol droplets. In the case of smaller droplets of a diameter 2R 1 µm, the transition occurs approximately at 27
• C. For larger droplets, the transition temperature increases, and for droplets of a diameter 2R 2.5 µm there was no melting observed within the nematic phase range of 5CB liquid crystal. Such difference is due to the fact that the NLC-mediated interactions, which stabilize the 2D lattice, are size-dependent and their magnitude increases with the droplet size. Thus, larger droplets are more strongly bounded, and thus their positions exhibit less thermal fluctuations. On the contrary, 2D lattices composed of smaller droplets stronger "feel" the changes in temperature.
Lindemann parameter
Lindemann condition [30] is a well established empirical melting criterion for 3D solids. In current interpretation, it states that the crystal melts when r.m.s. (root-mean-square) displacement of particles from their equilibrium positions due to thermal motion ∆r 2 reaches 15% of the lattice period a. Accordingly, one introduces the Lindemann parameter L = ∆r 2 /a, whose value is 0.15 at melting. It turns out that this criterion is also valid in higher dimensions, at least up to D = 50 [31] . In 2D crystals, however, the situation is different: the particle deviations diverge at long times (for the same reason that 2D crystals do not possess long range order), so that the Lindemann parameter, as defined above, appears to have no meaning. The definition can however be easily adapted to a form suitable to 2D cases, either through the relative displacement of nearest neighbors i and i + 1 [14, 32] , with the "modified" L m = (∆r i − ∆r i+1 ) 2 /a, or else by evaluating the displacements ∆r in local coordinate systems of the particles [33] . In both cases, the diverging long-wavelength fluctuations are excluded, so that the result is finite and essentially equivalent to the usual definition. Numerically, however, L m and L are not identical -indeed, assuming uncorrelated motion of neighboring particles, as in the Einstein solid, then evidently L In order to estimate L in our case, we observe that in the case when |∆r| a and assuming uncorrelated motion of neighboring particles, L 2 , where b is the bond vector between the nearest neighbors i and i+1. We therefore use r.m.s. bond length fluctuation to estimate the Lindemann parameter, L = (|b| − a) 2 / √ 2a. Evidently, the r.m.s. bond length fluctuation overestimates L, since it also reflects the static bondlength disorder, which is significant in the intermediate phase. Yet we believe that, since the dynamic fluctuations are relatively large at the transition, it gives an acceptable estimate. Temperature dependence of the so-determined Lindemann parameter is presented in figure 8 . One observes that L = 0.09 in the crystal and starts to rise linearly with the temperature at 26.5
• C, i. e. where, according to the previous analyses, the system enters the intermediate phase. At melting, which occurs somewhat above 27
• C, it reaches the value L ≈ 0.12 or 0.13, which is thus rather close to the 3D condition of L = 0.15.
It has been suggested in the literature [14, 15, 32] that L c = 0.13 is the critical value, at which 2D solid melts (the quoted papers actually used L 2 m as the modified Lindemann parameter, from which L = L 2 m /2). We confirm that our system melts at, or close to this value, which thus seems to be universal, although somewhat different estimates of L c were also suggested, such as L c ∼ 0.1 in an MD simulation work [33] . Overall, it appears that L c does exist in 2D, and is close to the corresponding 3D value of 0.15. We note that the existence of the Lindemann criterion in 2D, although not explicitly discussed in the KTHNY theory, is closely related to the critical elastic moduli of the theory, e. g., to Young's modulus K, whose value at the solid-hexatic transition is such that Ka 2 / k B T = 16π [10, 34] . Approximating the colloidal system with the 2D Einstein solid, where each particle vibrates in a harmonic potential U = kr 2 /2 created by its surrounding, it follows from mean-field-like considerations that the modulus K is proportional to the corresponding spring constant k. The latter, however, is directly related to the Lindemann factor. Indeed, mean square displacement r 2 of a 2D harmonic oscillator is given by its thermal energy k B T such that r 2 = 2k B T /k [35] , which, introducing the Lindemann parameter, leads to ka 2 /k B T = 2/L 2 , so that the elastic constant (and thus the modulus) is related to L. Consequently, the existence of a critical elastic modulus implies the existence of L c .
Finally, we try to estimate the depth of the potential wells of lattice sites. We approximate the potential, which is periodic with the lattice period a, with the trigonometric function U (x) = U 0 sin 2 πx/a, so that the corresponding elastic constant is k = 2π 2 U 0 /a 2 . From the reasoning of the previous paragraph it then follows that U 0 = k B T /π 2 L 2 . Thus, the depth of the potential wells decreases from U 0 12k B T at 26.0
• C to U 0 6k B T at 28.0 • C.
Conclusions
In conclusion, we have shown that melting of a two-dimensional colloidal system, formed by glycerol droplets at the free surface of a nematic liquid crystalline layer, occurs qualitatively and even semi-quantitatively in accordance with the Kosterlitz-Thouless-Halperin-Nelson-Young (KTHNY) theory. In particular, melting is obviously a continuous transition through an intermediate hexatic phase, characterized by quick rise of the number of structural defects. However, the temperature range of the intermediate phase is rather narrow, perhaps 1
• C. Furthermore, decay of the correlation functions with distance can only roughly be approximated with the characteristic critical power laws and exponential decays in different phases, suggesting that the details of the transition scenario do not fully comply with the KTHNY expectations, and reflect peculiarities of the interparticle interaction.
